Abstract. The expected number o f secondary cases produced by a typical infected individual during its entire period o f infectiousness in a completely susceptible population is mathematically defined as the dominant eigenvalue of a positive linear operator. It is shown that in certain special cases one can easily compute or estimate this eigenvalue. Several examples involving various structuring variables like age, sexual disposition and activity are presented.
Introduction
Suppose we want to know whether or not a contagious disease can "invade" into a population which is in a steady (at the time scale o f disease transmission) demographic state with all individuals susceptible. To decide about this question we first o f all linearize, i.e. we ignore the fact that the density o f susceptibles decreases due to the infection process. It has become c o m m o n practice in the analysis o f the simplest models to consider next the associated generation process and to define the basic reproduction ratio I Ro as the expected number of secondary cases produced, in a completely susceptible population, by a typical infected 1 Quite often this is wrongly called the reproduction 'rate'. Many authors use 'reproductive' instead of 'reproduction', but, as was pointed out to us by M. Gyllenberg, the latter is grammatically more correct. We have followed the advice of I. Nfisell to use 'ratio' rather than 'number' in order to emphasize that R o does not even have a quasi-dimension (R o ~ cases/case!) o. Diekmann et al.
individual during its entire period of infectiousness. The famous threshold criterion then states:
the disease can invade if R0 > 1, whereas it cannot if Ro < 1.
It is the aim of this note to demonstrate how these ideas extend to less simple (though probably still highly oversimplified) models involving heterogeneity in the population and to explain the meaning of "typical" in the "definition" of Ro above. Subsequently we shall deal with the actual computation of Ro in certain special cases, in particular the so-called "separable" or "weighted homogeneous mixing" case.
The definition
Let the individuals be characterized by a variable 4, which we shall call the h-state variable (h for heterogeneity). Let S = S(~) denote the density function of susceptibles describing the steady demographic state in the absence of the disease (in order to avoid confusion we emphasize that S is not a probability density function; that is, its integral equals the total population size in the steady demographic state, and not one). Define A(r, ~, r/) to be the expected infectivity of an individual which was infected r units of time ago, while having h-state t/, towards a susceptible which has h-state 4. The expected number of infections produced during its entire infective life by an individual which was itself infected while having h-state t/is then given by fo;o s(~) A(r, 4, ~) dr d~,
where O denotes the h-state space, i.e. the domain of definition of 4. We may call this quantity the next generation factor of ~.
Remark. In order to have a unified notation for various cases we write integrals to denote sums whenever f2 is discrete (completely or just with respect to some component of 4). A precise mathematical justification involves a dominant measure and Radon-Nikodym derivatives.
Since the new cases arise, in general, with h-states different from t/, these numbers do not tell us exactly what happens under iteration, i.e. in subsequent generations (although it is clear that the supremum with respect to ~ yields an upper estimate for Ro).
So we abandon the idea of introducing an infected individual with a particular well-defined h-state and start instead with a "distributed" individual described by a density 4~. The next-generation operator K(S) defined by (K(S)~b)(~) = S(¢) A(r, ~, t/) dr q~(~/) d~/ (2.1) tells us both how many secondary cases arise from ~b and how they are distributed over the h-state space. Ignoring the task of writing down conditions
